In our previous works, we described the projections that make it possible to construct maps of the celestial bodies in planetary scale -the azimuthal and cylindrical projections of different distortion classes. However, for regions in the middle latitudes, it is advisable to use a conic projection, which has not been developed previously. In this investigation, we describe the development of three conic projections of a triaxial ellipsoid: a conic projection with true scale along meridians, an equal-area conic projection, and a quasi-conformal conic projection. The quasi-conformal conic projection is a projection close to the conformal projection in the neighbourhood of each meridian corresponding to a meridian section. We treat conic projections as projections in which the meridians are a bundle of straight lines emanating from a single point, and parallels are curves constructed in accordance with the selected character of distortion. This definition of conic projections of the triaxial ellipsoid allows us to connect various classes of projections in a system. Thus, cylindrical projections can be considered as a limiting case of conic projections, and azimuthal projections as a special case. For the triaxial ellipsoid as a surface that can be projected on a plane without distortions, we use a direct elliptic cone tangent to the ellipsoid. The projections are calculated, and maps in these projections are created for the first time.
Introduction
Nowadays we have examples of regional mapping of celestial bodies in conic projections, such as the atlas of the asteroid Vesta available on the Internet (Jet Propulsion Laboratory 2017). Maps in this atlas were compiled in the Lambert conformal conic projection for the sphere despite the fact that the shape of the asteroid is better approximated by a triaxial ellipsoid. Even for this celestial body, with a small equatorial compression and a moderate polar compression, there is some difference between conic projections of the sphere and ellipsoid. For celestial bodies such as asteroid 433 Eros with extremely elongated shapes, it is reasonable to use a triaxial ellipsoid as a reference surface. That is why we have chosen it for mapping in this investigation. Conic projections for triaxial ellipsoids are poorly investigated. Note that in a new book, Choosing Map Projections, in the chapter devoted to planetary cartography (Hargitai and others 2017) , there are no conic projections for triaxial ellipsoids, but at the same time, it is mentioned that conic projections of a sphere or an ellipsoid of revolution should be used for regional mapping.
The conic projection is usually defined as a projection in which the parallels are concentric circles and the meridians are a set of straight lines drawn from the centre of the circles (Bugaevskiy and Snyder 1995) . The angles at the point of intersection of the meridians in the projection are proportional to the corresponding angles on the ellipsoid of revolution (or sphere). Thus, a straight circular cone tangent or secant is considered as the auxiliary surface that can be projected onto a plane without distortion. For a triaxial ellipsoid, we use a straight elliptical cone tangent or secant as an auxiliary surface. We assume that conic projections are projections having the meridians as a set of straight lines drawn from a single point, and parallels are curves constructed in accordance with the selected character of distortion. Angles at the crossing points of meridians on the projection depend functionally on corresponding angles on the ellipsoid and on the cone parameters. This definition of conic projections allows us to connect the different classes of projections of a triaxial ellipsoid in a united system. When the vertex of the cone (the point where the meridians cross) approaches infinity, we obtain a cylindrical projection, and when it approaches the point of the pole, we obtain an azimuthal projection. We consider cylindrical projections of a triaxial ellipsoid as projections in which the meridians are parallel lines orthogonal to a rectilinear equator and the parallels are curves (Nyrtsov and others 2015) . For an azimuthal projection, we consider projections where the meridians are a set of straight lines drawn from a single point and the parallels are curves constructed in accordance with the selected character of distortion. Angles at crossing points of meridians on an azimuthal projection are equal to the corresponding angles on the ellipsoid.
Many small Solar System bodies, such as asteroids, small satellites, and comet nuclei, can be approximated by a triaxial ellipsoid reference surface. Azimuthal and cylindrical projections for triaxial ellipsoids have been described in our previous investigations (Fleis and others 2013; Nyrtsov and others 2014) . However, for regional mapping in the middle latitudes of these bodies, it is advisable to use a conic projection, and these have not been developed previously. In this study, we present the development of three conic projections of a triaxial ellipsoid using a tangent cone:
f conic projection with true scale along meridians; f equal-area conic projection; f quasi-conformal conic projection close to the conformal projection in the neighbourhood of each meridian corresponding to a meridian section, which we call the projection of the meridian section.
Coordinate Systems and Gaussian Coefficients
In the derivation of conic projections, we use a threedimensional rectangular coordinate system x, y, z with the origin at the centre of the triaxial ellipsoid and the associated system of planetocentric angular coordinates F, l on the ellipsoid surface. Let us mention that the planetocentric latitude is the angle between the vector r coming from the centre of the ellipsoid and the equatorial plane, and the longitude is the angle between the plane of the meridian section and the plane of the prime meridian. Therefore, the relation between angular coordinates and three-dimensional rectangular coordinates can be written as follows:
The equation of the surface of the triaxial ellipsoid in the rectangular coordinate system is
With respect to equation (1), the surface of a triaxial ellipsoid is described by an equation that determines the length of the vector r as a function of latitude and longitude for given values of the semi-axes a, b, and c and calculated thereon eccentricity of the ellipse of the equatorial section e 1 and the eccentricity of the ellipse of the prime meridian section e: r ¼ a ffiffi t p ;
Here t is the square of a coefficient that characterizes the deviation of the triaxial ellipsoid from a sphere surface.
In the projection plane, we use a polar coordinate system r, d with the pole at the crossing point of the meridians and the polar axis that corresponds to the prime meridian, and with the positive direction counter-clockwise. Also, we use a rectangular system for which the X proj coordinate axis is directed horizontally to the right and the Y proj coordinate axis is directed vertically upward along the central meridian of a map, with the origin at the intersection of the meridian and the chosen parallel.
To derive formulae for conic projections, we need elements of the infinitesimal trapezium on the ellipsoid corresponding to given increments of latitude dF and longitude dl to compare them with the same elements on the projection plane. With an accuracy of up to infinitesimal values of a higher order, the trapezium can be accepted as an infinitesimal parallelogram (see Figure 1 ).
The sides of the parallelogram are the differential of the arc of the meridian and the differential of the arc of the parallel. Let o be the angle between them. All these parameters are expressed by Gaussian coefficients of the first fundamental form E, G, F, which we obtained using the increment of the vector r along the curve on the surface of the ellipsoid (Nyrtsov and others 2015) . Here we give the formulae for the calculation of the Gaussian coefficients in the planetocentric coordinate system F, l:
The cosine and sine of the angle between the meridian and parallel on the ellipsoid are
The differential of the meridian curve is
The differential of the parallel curve is
To determine the distortion, we need the derivatives of the Gaussian coefficients and the auxiliary function t with respect to longitude. The formulae were presented by Nyrtsov and others in 2015.
Derivation of the Tangent Cone Parameters
Let us define an elliptical cone tangent to a triaxial ellipsoid on the ellipsoid plane section line z ¼ z 1 . Given the planetocentric latitude F 0 and longitude l 0 in accordance with equation (1) z 1 ¼ r sin È 0 , while we have r and t from relations to equation (3).
The section line is an ellipse:
The distance from the centre of the ellipse to the point with specified longitude at the boundary of the ellipse is
where r 0 is the distance from the centre of the equatorial ellipse to a point with a given longitude at the boundary:
As can be seen from Figure 2 , the latitude of points of the tangent ellipse at known z 1 is
Figure 2 shows the equatorial plane XY, the plane of the meridian section WZ corresponding to the meridian with longitude l, and the projection of the section ellipse (marked by a dashed grey line) formed by the ellipsoid plane corresponding to the selected value z ¼ z 1 on these planes. The equation of the meridian in a plane of the meridian section is Figure 1 . An infinitesimal trapezium on the surface of an ellipsoid
We determine the vertical coordinate z as a function of the horizontal coordinate w and calculate its derivative to obtain the equations of the tangent:
The equation of the tangent to the meridian ellipse at the point with the horizontal coordinates w 0 is
Note that z 0 does not depend on longitude; that is, we get the coordinate of the vertex of the cone. We write L for length of the tangent line segment from the tangent point to the vertex of the cone. Then L ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi r 2 1 þ ðz 0 À z 1 Þ 2 q and the sine and cosine of the angle B between the axis Z and the tangent are
For an azimuthal projection, which is a particular case of the conic projection, when the sine and cosine are calculated, division of zero by zero occurs. To resolve this feature with respect to equation (8), the following formulae are provided: The Relation of the Angle at the Vertex of the Cone and the Longitude on the Ellipsoid
Now we define how the increment of the angle dd at the vertex of the cone corresponds to the increment of longitude dl (see Figure 3) . The differential of the arc of elliptical section of ellipsoid by plane z ¼ z 1 can be calculated in two ways. First, in the section plane through the longitude increment, taking into account equation (7),
And second, on the cone through the angle d increment,
The function L of d is still unknown to us, and we cannot calculate the derivative of L with respect to d. However, the increment of L due to change of the angle can be calculated by the corresponding change in longitude:
We calculate the required derivatives, taking into account equations (8), (12): 
Equating the right sides of equations (14) and (15) in view of equation (16), we obtain ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi
where
To calculate distortions, we need the derivative of this parameter with respect to longitude: For deriving formulae of conic projections, we use cone development and a polar coordinate system, r, d. Thus, planar rectangular coordinates in projection are
where the polar distance along the central meridian r origin ¼ r (F origin , l 0 ) is equal to the distance between an origin of the polar coordinate system and the origin of the planar rectangular coordinate system.
For a conic projection in polar aspect with true scale along the tangent line, the polar angle d depends on the longitude l, and the formula for calculating the polar distance r depends on the latitude, the longitude, and the selected character of distortion. Considering equation (17), we obtain the formula for calculation of the angle d:
In all formulae, longitude l is counted from the prime meridian and the angle d from the central meridian, which affects the image rotation.
Derivation of Formulae for the Calculation of the Polar Distance
Polar distance r in conic projections of a triaxial ellipsoid depends on the latitude and longitude, and then on dr:
In deriving formulae for the polar distance on an ellipsoid, we use the sides of the infinitesimal parallelogram and the sine of the angle between them (equations (4)- (7)), and in the projection, the sides of the parallelogram and the perpendicular to the meridian with longitude l going to the crossing point of the meridian l þ dl (see Figure 4) . For all three offered projections, integration is done on a meridian, taking into account that the polar distance to a line of tangency of a cone and an ellipsoid, that is, to a point with a latitude F tg , is L. Below we use the value r i ¼ r(F i ). For conic projections with true scale along meridians, write down the ratio of the differential of the meridian arc on an ellipsoid and in the projection plane, taking into account equation (6):
Integrate both sides of this equation: Then,
For equal-area conic projections, the area of an infinitesimal parallelogram in a projection S proj is equal to the corresponding area on an ellipsoid. Figure 4 shows that the area of a parallelogram on the projection is the product of the differential of the meridian curve with the longitude l in projection, and the length of the perpendicular rdd taken from this meridian and going to its intersection with the meridian l þ dl:
Taking into account that the area of the infinitesimal parallelogram on the ellipsoid is the product of adjacent sides and the sine of the angle between them, we can write the equation for the polar distance r:
Next, integrate both parts of this equation:
The final formula for the calculation of the polar distance for an equal-area conic projection of a triaxial ellipsoid in normal aspect is
Formulae of quasi-conformal conic projection of the meridian section in analogy to the Bugaevskiy cylindrical projection for a triaxial ellipsoid (GIS Research Centre of the Institute of Geography of the Russian Academy of Sciences 2017a) are deduced from a condition of equality of the ratio of the differential of the meridian curve and the length of the perpendicular taken to this meridian and going to its intersection with a meridian l þ dl on an ellipsoid and in a projection:
Next integrate both parts of this equation:
The final formula for the calculation of the polar distance for the conic projection of the meridian section in the normal aspect is
Distortions in Conic Projections
To define distortions in conic projections, it is necessary to calculate the derivatives of polar distance r with respect to latitude and longitude. These derivatives depend on the characters of the distortions in each projection. They are calculated for each of three offered projections and join in the subsequent formulae, identical in all conic projections. The derivative of polar distance r with respect to longitude is calculated using equations (5) and (19) and taking into account that the upper limit of the integral depends on longitude. For calculation of this derivative, the derivative of a latitude of a point of a tangency F tg with respect to longitude is needed:
For a conic projection with true scale along meridians (see equation (20)), the derivative of polar distance r with respect to latitude is
The derivative of polar distance r with respect to longitude is
For an equal-area conic projection (see equation (21)), the derivative of polar distance r with respect to latitude is
For a conic projection of meridian section (see equation (22)), the derivative of polar distance r with respect to latitude is
The formulae of local linear scales are similar to the formulae presented by Nyrtsov and others 2015, except that the length of the perpendicular taken to a meridian with a longitude l and going to intersection with a meridian l þ dl in the general case is equal to rdd or with the account of equation (17) radl instead of rdl as in azimuthal projections (see Figure 5) . Accordingly, the quadrate of a differential of the arc dl proj set by a choice of dF and dl in a projection is
Ellipses of distortion (Tissot indicatrix) for conic projections are shown in Figure 6 . Meridians and a line of tangency of a cone and triaxial ellipsoid do not depend on the character of distortions, unlike parallels. Ellipses are connected to the cartographic grid with the parameters of the asteroid 433 Eros, and with the direction of counting of longitude going to the west. Note that for all formulae above, counting of longitude to the east is used.
Mapping of Asteroid 433 Eros in Conic Projections
The asteroid 433 Eros is used here to illustrate conic projections of the triaxial ellipsoid. Eros is approximated by a triaxial ellipsoid with semi-axes a ¼ 17 km, b ¼ 5. 
Conclusion
We have described the derivation of formulae for three conic projections of a triaxial ellipsoid useful for mapping regions in the middle latitudes of an elongated celestial body:
f conic projection preserving length along meridians; f equal-area conic projection; f conic projection of the meridian section. We described a definition of conic projections in which we consider a cylindrical projection as a limiting case of conic projections. Azimuthal projections are also a special case of conic projections. For the triaxial ellipsoid we use a direct elliptic cone tangent to the ellipsoid as a surface that can be projected onto a plane without distortions.
A polar coordinate system is used to derive the projections. The polar angle is obtained by integrating increments of longitude along a parallel. The polar distance for all three described projections is obtained by integrating increments of latitude along each individual meridian. Projections derived by integration in other directions, in particular along a parallel, will be considered in future work. The development of conic projections was illustrated here with examples of maps of a region in the middle latitudes of asteroid 433 Eros. The method can be used for regional mapping of any other celestial body whose shape is reasonably well represented by a triaxial ellipsoid. 
